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A renormalizable non-abelian vector meson dominance model coupled to pions is constructed which exhibits a SO (4, 3)
vacuum symmetry. Tree-level predictions for p-p scattering lengths and slopes at leading order are in reasonable
agreement with experiment.
Vector meson dominance (VMD) dates back to Sakurai (1) who appIDd Yang-Mills theory to strong interactions to
great success. An important step was taken by Kroll, Lee and Zumino (KLZ) (2) who showed how to make VMD for
electromagnetic form factors compatible with gauge invariance. With the advent of the standard model ([3]) VMD has
largely been subsumed into predicting the low energy constants of the chiral perturbation theory (CPTH) expansion
[4].,
In more recent years a KLZ restricted to charged pion and the neutral rho has been used in studies of finite temperature
(5) and form factors (6,7,8). On the other hand, the charged and neutral pion form an isospin triplet, as do the neutral
and charged rho. In Sakurai’s vision the vectors would be governed by a Yang-Mills theory. Conventional wisdom (4)
provides this via massive Yang-Mills theory[1].
In his seminal paper (11) ’t Hooft exhibited a model with isospin and VMD but no matter. Previous work (12)
without electromagnetism examined the question of what happens when pion matter is included in a similar model.
In this work I address the issues of how to include electromagnetism in a model which is stable.
Inclusion of electromagnetism is simply a matter of adapting ’t Hooft’s (11) “hyper-electromagnetism”: assign the
Higgs doublet Φ a U (1) “hypercharge” Y (Φ) = 1 and pions Y (~pi) = 0. The covariant derivatives are Dµ~pi =(
∂µ + ig ~T · ~Vµ
)
~pi, DµΦ =
(
∂µ + ig ~T · ~Vµ − e′Bµ
)
Φ Then a general model is
L = 12 (Dµ~pi) (Dµ~pi)− 12m2pi~pi2 − 14 ~Vµν ~V µν − 14BµνBµν + (DµΦ)† (DµΦ)− V (|Φ| , |~pi|) (0.1)
In the unitary gauge (13) with µ2 = λ′v2, ΦT = (0, v + σ)
/√
2, redefinitions e = e′g
/√
g2 + e′2
V µa = ρ
µ
a + (e
′/g)Bµδa3,Aµ =
√
1 + e′2
/
g2Bµ yield
LU gauge = 1
2
(Dµ~pi) (D
µ~pi)− 14~ρµν · ~ρµν − 14FµνFµν −
e
2g
Fµνρ
µν
3 +
1
2 (∂
µσ) (∂µσ) +
− V (|Φ| , |~pi|) + g
2
8
(v + σ)
2
V µa Vaµ, Dµ~pi =
(
∂µ + ig ~T · ~Vµ + ieT3Aµ
)
~pi (0.2)
The potential must have a minimumV (v/2, 0) and the most general renormalizable one is
V (|Φ| , |~pi|) = λ ∣∣Φ†Φ∣∣2 − λv2 ∣∣Φ†Φ∣∣+ λ′
8
(
~pi2
)2
+
κ
2
~pi2
(∣∣Φ†Φ∣∣− v2) (0.3)
The Higgs mass is mσ =
√
2λv and mρ = gv/2 Due to a mixing angle sinϑ = eg
/√
g2 + e2 mρ± = gv/2,mρ0 =√
g2 + e2v
/
2 andmγ = 0 .Note the last term in (0.3), which is required by renormalizability, connects the scalars
in(Φ, ~pi) space. It has been arranged so that fluctuations about the minimum do not contribute to the “pion mass”
appearing in (0.1). That is a key departure from [12]; one can just as well write for a scalar sourceJ later set tom2pi
L = 12 (Dµ~pi) (Dµ~pi)− 12J~pi2 − 14 ~Vµν · ~V µν − 14BµνBµν + (DµΦ)† (DµΦ)− V (|Φ| , |~pi|) (0.4)
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2In that way one makes contact with CHPT and the pion scalar form factor. In essence one has a SO (4)⊗ SO( 3)
linear sigma model treating massless pions and would-be Nambu-Goldstone bosons that are “eaten” by the vector on
the same footing.
Now the p-p scattering amplitude is easily calculated and most compactly expressed
T (s, t, u) = A (s, t, u) δabδcd +A (t, s, u) δacδbd +A (u, t, s) δadδbc
A (s, t, u) = −λ′ + (κv)2m2σ−s +
g2(s−u)
m2ρ−t +
g2(s−t)
m2ρ−u
(0.5)
The first two terms inA (s, t, u) are present in any scalar sigma model, While the scalar couplings in (0.3) are a-priori
independent, a constraintκ2 = 2λλ′ causes p-p scattering amplitude (0.5) to vanish at threshold for massless pions
A (s, t, u) =
λ′s
m2σ − s
+
g2 (s− u)
m2ρ − t
+
g2 (s− t)
m2ρ − u
(0.6)
It should be stressed that for mpi = 0 the condition A (0, 0, 0) = 0 is connected in Weinberg’s classic analysis (14)
to derivative coupling (as for the rho -exchange pieces), but there are no additional inputs from current algebra or
PCAC here. Defining a scale factor a ≡ 4√λ/2λ′one has a unique potential[2] obeying the A (0, 0, 0) = 0constraint :
V =
λ
4
(
Φ†Φ− a2 ~pi2 − v
2
2
)2
(0.7)
The vacuum group structure is SO (4, 3).
Relevant parameters are the couplingsg, λ and scale factor. In these terms the scattering lengths and slopes [12] can
be reorganised into an mpi/v expansion with leading terms independent of the Higgs self-coupling
.
a00 =
[16+a4]m2pi
8piv2 b
0
0 =
[8+a4]m2pi
16piv2
a11 =
[12+a4]m2pi
24piv2 a
2
0 = −m
2
pi
piv2 b
2
0 = −
[8+a4]m2pi
8piv2
. (0.8)
The natural value is a =
√
pi/2 which makes the vacuum 3-sphere and 4-sphere areas equal. One cannot impose the
KSRF (15) relation because it draws uponρ0 → e+e− at a scalemρ whereas the appropriate scale in p-p scattering
ismpi. One infers a running gauge coupling driven by kinematic dominant pion loops and, modifying the expressions
in [5] by a factor of 3/2 since pi0 also contributes, the leading log is 1
/
g2VMD = 1
/
g2KSRF + ln (mρ/mpi)
/
12pi2. Taking
the VMD value g = gρpipi = 5 gives v = 308MeV , so the Higgs mass is mσ = 436
√
λMeV. The predictions are
a00 = 0.145 [0.22] , b
0
0 = 0.041 [0.25] , a
1
1 = 0.038 [0.038],a
2
0 = −0.063 [−0.044] and b20 = −0.082 [−0.082] ; note
a00 − 5a20 = 0.46 [0.44] is independent of the condition and in much better agreement than the individual lengths.
What is striking is precise agreement in the I = J = 1 channel where VMD should hold. Overall the (dis)agreement
is as good as one should expect of any tree-level model.
One now has a VMD model which is renormalizable, non-abelian and illustrates the degree to which vector meson dom-
inance is an alternative to chiral perturbation theory. One-loop calculations are facilitated in the unitary background
field gauge (16) wherein the unitary gauge is applied to the background fields while maintaining a renormalizable ’t
Hooft gauge on loops and offering simple Ward identities. It can be coupled to nucleons as external sources [1] but
for pseudo-vector current renormalizability is lost. Ceding that point[3], its vacuum group structure can be promoted
to a gauged SO (4, 3)non-linear sigma model, but such things are beyond the present scope.
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[1] Back in the labour preceding the birth of the Standard Model, Weinberg (9) noted chiral symmetry and VMD could
be reconciled but his non-linear sigma model solution (which was reincarnated as Hidden Local Symmetry (10)) is not
renormalizable.
[2] The potential in (12) has a2 < 0 and is unstable to 〈Φ〉 6= 0, 〈~pi〉 6= 0 away from the chiral limit.
[3] ex quo in eo loco positum sit
